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A graph is short-chorded (a.k.a. Raspail) if every odd cycle of length at least 5 has 
a short chord, which is a chord joining vertices distance 2 apart in the cycle. A 
subclass of short-chorded graphs, not contained in any of the known classes of 
perfect graphs, will be proved perfect. I(‘ 1991 Academic Press, Inc 
1. BACKGROUND 
A graph G is perfect if for every induced subgraph H of G (H = G is 
allowed) the maximum size of a clique in H, denoted w(H), is equal to the 
size of a minimum colouring of H-i.e., the minimum number of inde- 
pendent sets needed to cover the vertices of H--denoted x(H). A graph is 
minimally imperfect if all its proper induced subgraphs are perfect but it is 
not. In particular o(G) + 1 = x(G) for G minimally imperfect. 
Berge conjectured, and Lovasz proved, that a graph is perfect if and only 
if its complement is perfect; in other words that the above condition is 
equivalent to the condition that for every induced subgraph H of G, the 
maximum size of an independent set in H, denoted E(H) is equal to the 
minimum number of cliques needed to cover the vertices of H, denoted 
O(H). In fact Lovasz proved a stronger result: 
THEOREM 1 [L]. G is perfect ijjf for every induced subgraph H of G, 
cr(H) . w(H) 2 n(H), where n(H) is the number of vertices qf H. 
Lovasz’s condition clearly holds for G if and only if it holds for G, the 
complement of G. For G minimally imperfect Lovasz’s theorem implies 
cc(G).w(G)=n(G)- 1. 
Berge also conjectured, and no one has yet proved, that a graph is 
perfect if and only if it has no odd holes and no odd antiholes. This is called 
the “Perfect Graph Conjecture.” A hole is an induced cycle of length at 
least 4; an antihole is an induced subgraph which is the complement of a 
24 
009%8956/91 83.00 
Copyright c 1991 by Acadenuc Press. Inc. 
Al1 rights of reproduction m  any form reserved. 
SHORT-CHORDED AND PERFECTGRAPHS 25 
6 3 
FIGURE 1 
cycle of length at least 4. A graph with no odd holes and no odd antiholes 
will be called a Berge graph. 
See [G], [BC] for more about perfect graphs. 
2. INTRODUCTION 
A graph is short-chorded if every odd cycle of length at least 5 has a short 
chord, which is a chord joining vertices distance 2 apart in the cycle. 
Figure 1 shows an odd cycle with two chords: (2,7) is a short chord; (1,5) 
FIGURE 2 
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is not. Short-chorded graphs are a subclass of Berge graphs, since odd 
holes and odd antiholes both contain odd cycles of length at least 5 with 
no short chords. Figure 2 shows a 7-antihole in which a 7-cycle with no 
short chords is marked. Thus if the perfect graph conjecture is true, 
short-chorded graphs are perfect. Short-chorded graphs have been called 
“Raspail” graphs-see [S] for the story. Liping Sun [S] proved a subclass, 
the Gallai-perfect graphs, to be perfect. 
To prove that short-chorded graphs are perfect without assuming the 
perfect graph conjecture, it must be shown that there are no minimally 
imperfect short-chorded graphs. I cannot do this, but will prove a property 
of minimally imperfect short-chorded graphs, and will use this property to 
show that a subclass of short-chorded graphs is perfect. This subclass does 
not have a very nice definition. Its redeeming feature is that it is not 
contained in any of the known classes of perfect graphs. 
FIGURE 4 
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3. EXAMPLES 
The following examples show that the class of short-chorded graphs is 
not contained in any of the known classes of perfect graphs. The graph in 
Fig. 3, c6, is short-chorded but not strongly perfect [BD], not strictly 
quasi-parity CM] (though it is a quasi-parity graph), and not in BIP* 
[Cl-hence not weakly triangulated [Hy], perfectly orderable [CZ], 
Meyniel [M2], alternately orientable [HI, etc. The graph in Fig. 4, the 
line graph of K,,, - e, where e is any edge, is short-chorded but not quasi- 
parity. Both of these graphs are alternately colourable [H] and claw-free 
Berge [PR]. The graph in Fig. 5 is short-chorded but not alternately 
colourable, not claw-free and not a Gallai-perfect graph [S]. 
FIGURE 6 
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The class of short-chorded graphs contains the class of chordal graphs, 
the class of alternately colourable graphs [HI-which contains all 
i-triangulated graphs and all line graphs of bipartite graphs-and the class 
of alternately orientable graphs [HI-which contains all comparability 
graphs and hence all bipartite graphs. 
Counterexamples for containment of other classes in the class of short- 
chorded graphs are as follows: The graph in Fig. 6 is Meyniel [M2] but 
not short-chorded. The graph in Fig. 7 is strictly quasi-parity CM], weakly 
triangulated [Hy], perfectly orderable [C2], and in BIP* [Cl, but not 
short-chorded. 
4. RESULTS 
For a graph G = (V, E) with vertex u E V, the neighbourhood of v, NJu), 
is the set {U E V : (u, u) E E}, and the neighbourhood graph of u, ,&(u), is 
the induced subgraph on vertex set NJu). The subscript G will be omitted 
when no ambiguity arises, P, is the path on 4 vertices. A graph is P,-free 
if it has no induced P,. 
LEMMA 2. If G is minimally imperfect and short-chorded it cannot have 
a vertex u such that M(u) is P4-free. 
A graph is an SP graph if it is short-chorded and every induced subgraph 
H has a vertex u such that &,(u) is P,-free. Lemma 2 implies: 
SHORT-CHORDED AND PERFECT GRAPHS 29 
FIGURE 8 
THEOREM 3. SP graphs are perfect. 
The class of SP graphs is a coNP class: to prove that a graph is not SP, 
display an odd cycle of length at least 5 with no short chord, or an induced 
subgraph H in which every neighbourhood graph has a P,. 
The graphs in Figs. 3, 4, and 5 are SP graphs. Thus the class of SP 
graphs is not contained in any of the known subclasses of perfect graphs. 
The class of SP graphs contains the chordal graphs (which always contain 
a vertex whose neighbourhood graph is a clique [LB]), the bipartite 
graphs (where every neighbourhood graph is an independent set), and the 
line graphs of bipartite graphs (where every neighbourhood graph consists 
of two disjoint cliques). The graph in Fig. 8, the complement of the disjoint 
union of two P,‘s is a comparability graph (hence short-chorded) but not 
an SP graph. It is a Gallai-perfect graph [S]. 
The method used to prove Lemma 2 will also be used to prove: 
LEMMA 4. Zf G is a minimally imperfect short-chorded graph with a mini- 
mum number of edges then for every vertex v, J&(V) is connected. 
5. DISCUSSION 
The proofs of the lemmas will be given after the following discussion of 
the neighbourhood structure of minimally imperfect graphs. Chvatal 
proved: 
THEOREM 5. [Cl. A minimally imperfect graph cannot have a star 
cutset. 
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A star cutset of a graph G is a set {v} v X, where VE V and 
Xc N(v), whose removal disconnects the graph. In particular the theorem 
implies that if G is minimally imperfect then the graph induced by 
v- ({v) LJ N(u)) must be connected (otherwise u and its neighbours form 
a cutset), and-as first proved by Gallai [G]-the complement of the 
graph x(u) must be connected (otherwise in G, u and its neighbours form 
a cutset). Must J’“(v) be connected? If the perfect graph conjecture is true 
then if G is minimally imperfect and not an odd hole then M(u) is con- 
nected for every u (since G must be an odd antihole on at least 7 vertices). 
It would be good to prove this. Combining it with Chvatal’s cutset theorem 
would yield: if G is minimally imperfect and not an odd hole then for every 
vertex u both M(v) and its (graph) complement are connected. Lemma 2 
is a weakened form of this: The class of graphs is smaller since the lemma 
applies not to graphs without odd holes but only to short-chorded graphs; 
and the property that every N(v) contain an induced P4 is strictly weaker 
than the property that for every u, A”(v) and its complement are connected. 
This last statement follows from: 
THEOREM 6 [Se]. A graph G is P,-free i f f  for all induced subgraphs H 
of G with more than one vertex, H or Ii is disconnected. 
6. PROOFS 
The proofs of Lemmas 2 and 4 use: 
LEMMA 7 [M, FU]. If G is a graph with vertices u and v not joined by 
any odd chordless path, and G’ is formed from G by contracting together u 
and v then o(G) = w(G’) and x(G) = x(G’). 
Proof of Lemma 2. Let G be a short-chorded graph with a vertex whose 
neighbourhood graph is P,-free, and such that all proper subgraphs of G 
are perfect. It will be proved by induction on t, = max( IN&u)] : u E V 
and J&(u) is Pa-free} and then on pG= 1 {UE V: J+$(u) is P,-free and 
IN&u)1 = tc}l that G is perfect. 
Let u be a vertex of G with x(v) P,-free and \N(v)\ = t,. If IN(u)\ < 1 
then G cannot be minimally imperfect. Otherwise IN(v)] is greater than 1 
and by Theorem 6 J(v) or its complement must be disconnected. If the 
complement of x(v) is disconnected then G cannot be minimally imperfect 
by Theorem 5. So assume that M(v) is disconnected, say N(v) = N, CI N, 
with no edge of G going from Ni to N,, and both parts non-empty. 
Create a new graph G’ by replacing u by two new vertices u, with 
neighbours N, and o2 with neighbours Nz. In G’, v, and v2 are not joined 
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by an odd chordless path, for such a path of length 3 would necessitate an 
edge between N, and N2, and any longer such path would provide an odd 
chordless cycle in G, contradicting G being short-chorded. Thus Lemma 7 
implies w(G) = o( G’) and x(G) = x(G’). 
It will be shown (using the induction hypothesis) that G’ is perfect. In 
particular o(G’) = x(G’). So w(G) = x(G) and G is perfect, which will 
complete the proof. 
Application of the induction hypothesis to G’ requires: 
Claim 8. G’ is short-chorded. 
Proof Let C’ be an odd cycle of length at least 5 in G’. If C’ uses 
neither vi nor u2 then it is the same in G as in G’ and so must have a short 
chord. 
If C’ involves exactly one of vi, v,-say u,-then consider the cycle C in 
G with u in place of u,. This cycle must have a short chord s. If s is not 
incident with u it provides a short chord in C’. So suppose s is incident with 
u and has other endpoint U. If u EN, then C’ has a short chord. So suppose 
u EN,. But then (see Fig. 9) C’ must involve an edge joining u to a 
neighbour of vi-that is, an edge from N, to N,; contradiction. 
The last case to consider is if C’ involves both u, and v2. Then C’ 
consists of two paths from u, to v2. One of these--call it P’-must have 
odd length. P’ cannot have length 1 and cannot have length 3 otherwise it 
would involve an edge from N, to N,. So it has length at least 5. Let C be 
the cycle in G corresponding to P’. C is odd and has length at least 5. So 
C must have a short chord s. This chord cannot join the 2 neighbours of 
v in C otherwise it would be an edge from N, to N,. Thus if s is not inci- 
dent with v it provides a short chord of P’ and hence of C’. So suppose s 
is incident with v and has other end U, and suppose that the vertex between 
u and u in C is x. Then x and u must be in the same set N,, i = 1 or 2, and 
so s provides a short chord of P’ and hence of C’. This completes the proof 
of the claim. 
I:’ 0” 
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Now to prove that G’ is perfect: Let H be a subgraph of G’ (maybe G’ 
itself) and suppose that all proper subgraphs of H are perfect. If neither u, 
nor u2 is in H then H is a proper subgraph of G, hence perfect. So suppose 
that one or both of ul, v2 are in H. Then H has a vertex whose 
neighbourhood graph is P,-free. H is short-chorded by the above claim. 
Now I, d tc d t,, and if t, = to then pH < pGs < pc since v is counted in 
pc but neither o, nor u2 is counted in pH, because IN,.(v,)l and IN,.(v,)l 
are both smaller than IN,Ju)l. So by the induction hypothesis H is perfect. 
Thus G’ is perfect, and then so is G. 1 
Proof of Lemma 4. Suppose G is a minimally imperfect short-chorded 
graph with a minimum number of edges, but that G has a vertex u whose 
neighbourhood graph is disconnected. Say NC(v) = N, w  N2 with both 
parts non-empty and no edge between them. 
Create G’ as in the previous proof by splitting v into ui with neighbours 
N, and u2 with neighbours N,. As before, Lemma 7 implies o(G) = o(G’) 
and x(G) = x(G’), and since x(G) #o(G) therefore x(G’) # w(G’). By Claim 
8 G’ is short-chorded. If H is a proper subgraph of G’ then it is a short- 
chorded graph with fewer edges than G, hence not minimally imperfect. 
Thus G’ must be minimally imperfect. An idea of Meyniel’s [M] completes 
the proof: by Lovasz’s Theorem 1, n(G) = w(G). a(G) + 1 and n(G’) = 
o(G’) .a(G’) + 1 so w(G)[a(G’) - a(G)] = 1, implying w(G) = 1, contra- 
dicting G minimally imperfect. 1 
7. QUESTIONS 
Prove that short-chorded graphs are perfect. 
Recognize short-chorded graphs in polynomial time. 
Prove that if G is minimally imperfect and not an odd hole then 1(v) 
is connected for every v. 
FIGURE 10 
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Prove that a graph is perfect if it is a Berge graph such that every 
induced subgraph has a vertex whose neighbourhood is Pa-free. 
Complements of short-chorded graphs are exactly the graphs for which 
every odd cycle of length at least 5 has a long chord, which is a chord 
joining vertices at maximum distance apart in the cycle. Figure 10 shows 
that the complement of a 7-cycle with no short chords is a 7-cycle with no 
long chords. These graphs will be tailed long-chorded graphs. The graphs in 
Figs. 3, 4, and 5 are long-chorded as well as short-chorded. Prove that a 
graph which is both long-chorded and short-chorded is perfect. 
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